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Abstract. We present iterative least-squares methods for recon-
structing diffraction-limited images from the object bispectrum
obtained by speckle masking (bispectral analysis) and from
other Fourier data. The theory and first astronomical speckle
masking applications are described. An approximation of the
least-squares integral is derived which makes it possible to cal-
culate easily

thousands of iterations with images of 512x512 pixels. Various
extensions of the basic method to the simultaneous treatment of
many object pixels are dicussed. Finally, applications of mod-
ified versions of the method to the Knox-Thompson method,
shearing interferometry, deconvolution of aberrated images, op-
tical long-baseline interferometry, radio interferometry {(espe-
cially, mm- and submm-interferometry) and other methods are
discussed.

Key words: image processing — interferometry — observational
methods

1. Introduction

The atmosphere of the earth restricts the resolution of conven-
tional astronomical photography to ~ ('3 to 1. Much higher
resolution can be obtained by various speckle methods, which
yield diffraction-limited resolution, for example, ~ 0’03 for a

3.6-m telescope and A =500nm. A long list of references for
speckle methods is given in the review articles by Dainty (1984),
Roddier (1981), and Weigelt (1991). Speckle masking (Weigelt
1977, Weigelt & Wirnitzer 1983; Lohmann et al. 1983; Hof-
mann & Weigelt 1986a), is a speckle method based on triple
correlation or bispectrum processing. It can reconstruct both the
modulus and the phase of the object Fourier transform from a
sequence of speckle interferograms. Therefore, true diffraction-
limited images of general astronomical objects can be obtained.
Speckle masking can also be applied to optical long-baseline
interferometers since it can measure all closure phases, even
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in the multi-speckle case (if telescope diameter ~> Fried para-
meter rp). In speckle masking first the ensemble average bi-
spectrum of all speckle interferograms is calculated. After com-
pensation of photon bias terms (Wirnitzer 1985; Pehlemann et
al. 1992) or photon-counting hole terms (Hofmann 1990, 1992),
and after the compensation of the speckle masking transfer func-
tion the object bispectrum

Oy, v) = Ow) O®) O(—u — v) (1)

is obtained up to the cut-off frequency of the telescope. O(u)
denotes the diffraction-limited Fourier transform of the object
o(x). The variable x is a 2-dimensional coordinate vector in
object space, uw and v are 2-dimensional coordinate vectors
in Fourier space. From the 4-dimensional object bispectrum
OB, v) a diffraction-limited image of the object o(z) can be
reconsiructed. In the conventional recursive image reconstruc-
tion method, the Fourier phase of the object is extracted in a
recursive way from its bispectrum phases.

In this paper, we discuss an iterative least-squares algorithm for
reconstructing a diffraction-limited image of the object from
the speckle masking bispectrum. The algorithm, called build-
ing block method (Hofmann & Weigelt 1990a, 1990b, 1992;
Morita 1991), is an extension of the gridfit method (Pauliny-Toth
etal. 1976) used in radio interferometry, Morita (1991) has per-
formed an experiment with mm-data, in which the combination
of speckle masking and the building block method yielded bet-
ter reconstructions than hybrid mapping or self-calibration. The
building block method avoids complicated bispectrum phase
integration (as in the recursive method) since it searches di-
rectly for that positive diffraction-limited image of the object
which has the best agreement with the bispectrum measured.
The image of iteration step k + 1 is produced by adding a sin-
gle (k + 1)th diffraction-limited point-spread function (psf) to
the image of iteration step %. The psf is added at such a posi-
tion that the distance (difference) between the bispectrum of the
new image and the measured bispectrum is as small as possible.
Other least-squares algorithms for image reconstruction frem
the bispectrum were proposed by Lannes (1988, 1990), Meng
et al. (1990), Marron et al. (1990), Corawell (1987), Gorham
et al. (1989), Haniff (1990), and Takajo & Takahashi (1991).
In Sect. 2 we describe the theory of the building block method.
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In Sect. 3 we discuss the application of the method to differ-
ent high-resolution imaging methods, In Sect. 4 we describe
modifications of the method. Finally, in Sect. 5 we describe ap-
plications to computer-simulated and real astronomical speckle
interferograms. The experiments suggest that in some cases the
building block method yields better reconstructions than the re-
cursive method, especially in the case of optical long-baseline
interferometers (Reinheimer et al. 1992, 1993),

2. Theory of the iterative building block method

In incoherent imaging, any object intensity distribution oy ()
can be described by a sum of many identical and positive point-
spread functions (psfs) {{x):

k
opl@) = Ytz — wm), (2)
m=I

where z,,, denotes the position of the m-th psf and & is the total
number of psfs (xy, = x,,, may be possible for n # m). We can
say that the image o(x) is built up by many identical build-
ing blocks #(z). A complicated object requires many building
blocks. In the building block method the high-resolution image
of the object is built up sequentially, iteration step by iteration
step, by many building blocks #(x).

‘The goal of the proposed algorithm is the derivation of o(x) from
the object bispectrum O (4, v) measured by speckle masking.
The proposed image reconstraction algorithm searches for the
positive diffraction-limited image of the object whose bispec-
trum has the best agreement with the bispectrum measured. The
image of the first iteration step consists of one building block
t(x) located at any arbitrary position, for example at the cen-
tre of the image field. The position of the first building block
may be chosen arbitrarily since the bispectrum contains no in-
formation about the position of the object (shift-invariance of
the bispectrum). The image oy (x) of iteration step k + 1 is
produced by adding one building block ¢{z) at position z = &’
to image op(z) of iteration step k&, i.e,

o1 ('Y 1= op(x) + Hx — z').

3)

The position ' of the (k + 1)th building block is chosen such
that the distance (difference) dpy(z’) between the measured
bispectrum O™ (u, v} and the bispectram O (u,v;z') of the
image op.((x; =) is as small as possible. The distance dy,(z’)
is defined as

di(z) = ] 0P (u,v;2") — 0P, ) |2 dudu, 4
with O, (0,0, 2') = 09(0,0) = 1. The image with the small-
est distance value has the best agreement with the measured
data O (w, v). If the absolute minimum of the distance func-

tion dp (z") lies at position x' = =/ . the image of the best
agreement with O®(u, v) is oy (z; 2" = 2/ ) =2 o, (2).

Because the amount of noise is different in different parts of the
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bispectrum measured, a weight function w(u, v) should be used
in the above distance and Eq. (4) can be replaced by

dior(a) = [ 1w, ) 1O, (. v32") — O ety 0) [ du v (5)

A successfull realization of such a weight function is a Wiener
type weight filter (Pratt 1978). In this case the weight function
applied to the bispectrum difference OF), (u, v} — O™ (u, v) can
be described by

|03, v) — OP(w, w)f?

w(u, v) = — _
08 (u, v) — OO, )] + var {0 (u, v)}

(6)

var{OW(u, v)} denotes the variance of the noisy bispectrum
O, v)

For increasing the speed of the calculation of the distance func-
tion dy.1{z"), an approximated expression of di,(z") is used.
This approximation is based on the fact that changes introduced
by the addition of a further building block are very small when
or () already consists of a large number % of building blocks,
The approximated expression of the distance function is de-
rived in Appendix A. The approximation of the distance func-
tion dg,( () has the form

dpa(n') = di
+ 6/k f (e, v)|* [Of)(fu, —v) — O (—u, —v)]

x Op(u) Og{v)
xexp{2mi(u+v) - 2’ dudy,

(7

with i = v/—1. Og(u) denoies the normalized (O30} = 1)
Fourier transform of the image oy (x) calculated at iteration step
k, Ogl(u,fu) is the bispectrum of oy (x), and d;, denotes the
distance between the measured bispectrum O®(y, v) and the
bispectrum Of)(-u, v) of og (). The iteration step k+ 1 described
above can be summarized as follows:

1. Calculation of the distance function dy,(x”) using the ap-
proximation given in Eq. (7).

2. Determination of the position
of the distance function.

3. Generaticn of the new (k+ 1)th image ¢z (2) by adding one
building block t{x) at the position =/ to the previous image

ox(x) (all building blocks used in the described algorithm

have the same intensity; modified methods are described in

Sect. 4).

Many iteration steps (~ 100 to 10*) are required for the recon-
struction of a high-resolution image of the object. The number
of required iterations depends on the complexity of the object.
In Appendix B is shown that the method converges to the correct
image of the object.

!
min

of the absolute minimum

3. Application of the building block method to various imag-
ing methods

In this section we discuss applications of the building block
method to various high-resolution imaging methods. We briefly
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discuss the application of the method to speckle interfero-
metry (Labeyrie 1970), the Knox-Thompson method (Knox &
Thompson 1974), imaging shearing interferometry (Hofmann
& Weigelt 1986b; Roddier & Roddier 1986; Ribak 1987), opti-
cal long-baseline interferometry (Reinheimer et al. 1992, 1993),
non-redundant masking (Baldwin et al. 1986; Readhead et al.
1988; Nakajima et al. 1989), radio interferometric imaging, the
deconvolution of HST images and other aberrated images, and
to tomographic image reconstruction techniques,

3.1. Application to speckle interferometry

In speckle interferometry the required distance function can be
described by

ot () = f O = [Opar (s 22 P du, ®

where |O{u)|?> denotes the measured object power spectrum
and |Oyy (u;2")|? is the power spectrum of the model object
ope1 (23 2'Y = op(x) + #(z — x'). Because of the missing phase
information the building block method yields the power spec-
trum or autocorrelation function of the object.

3.2. Application to the Knox-Thompson method

In the Knox-Thompson method the following distance function
has to be minimized:

dirt (7)) = [ | OO (u + Au)

— Ot (0, Y05, (u + Au ') P dudAu. (9)
O(w)O* (u+ Au) denotes the Knox-Thompson spectrum which
can be calculated with different shift vectors Aw up to |Au| £
ra/ A (ro=Fried parameter). O, (u; z') is the Fourier transform
of the model abject o, (z; ") = ox(z) + Hz — z°).

3.3. Application to imaging shearing interferometry

In imaging shearing interferometry a subset of the total bispec-
trum of the object is obtained. The distance function has the
same form as described in Egs. (5) and (7).

3.4. Application to optical long-baseline interferometry (single
and multi-speckle case)

In this case (see Reinheimer et al. 1992, 1993) the distance
function is given by

dpa(z'y= [ |O(3)('u., v) — (ﬂ)gjl(u,ﬂ;sc’) |? du dw, (10)

where O™ (u, v) describes the subset of all bispectrum elements
for coordinates (1, v) where < P®(u, v) > has values greater
than zero (< P®(u, v) > is the diluted bispecirum or speckle
masking transfer function) and Ohle (u, v; ') is the bispectrum

of the model object ok, (2 2") = ox(x) + t{z — ). The large
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gaps in the Fourier data of optical long-baseline interfero-
meters cause large gaps in < P®(u,v) >. Speckle masking
and the building block method can be applied in both cases,
the single-speckle case (ry-apertures; ro=Fried parameter) and
in the multi-speckle case (telescope diameters > 7y). In the
multi-speckle case the interferograms consist of many speckles
with crossed fringes in each speckle. Successful applications of
the building block method to simulated long-baseline interfero-
grams (multi-speckle case) were described by Reinheimer et al.
(1992, 1993).

3.5. Application to the non-redundant mask method (single-
speckle case)

In the non-redundant mask method (Baldwin et al. 1986; Read-
head et al. 1988; Nakajima et al. 1989), the distance function is
the same as in Sect. 3.4,

3.6. Application to radio interferometry

In radio interferometry an image of the object is usually de-
rived from the complex visibilities of many antenna pairs by
self-calibration imaging methods (Readhead & Wilkinson 1978;
Cornwell & Wilkinson 1981; Schwab 1980; Cornwell 1989 and
references therein). In these methods the closure phases are not
determined explicitly but the phase closure information is used
implicitly in the iterative image reconstruction methods (see
discussion in Cornwell 1989),

An alternative to the self-calibration method consists of the fol-
lowing three steps:

(1) First the ensemble average bispectrum of the visibilities
recorded in many short coherence times at the same uv-points is
calculated (the phases of the bispectrum are the closure phases),
This technique is advantageous for very faint objects since bi-
spectra can be averaged until good SNR is achieved (Lohmann
et al. 1983; Cornwell 1987, 1989). It is a limitation of self-
calibration that the measurements of the coherence phase must
have a SNR >1 in the atmospheric coherence time (see Corn-
well 1989).

(2) In the average bispectrum it is possible to compensate
noise bias terms to obtain the compensated object bispectrum
{(Wirnitzer 1985; Pehlemann et al. 1992),

(3) From the compensated object bispectrum a diffraction-
limited image can be reconstructed by the building block
method.

Morita (1991) has performed an experiment with mm-data, in
which the combination of speckle masking and the building
block method yielded better reconstructions than hybrid map-
ping or self-calibration.
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3.7. Application to the deconvolution of HST images and other
aberrated images

In this case the distance function can be described by

iy (2 = / [ 1(w) — Qi 2y Pw) | du. (i
I(u) is the Fourier transform of the HST image degraded by
spherical aberration and by photon noise, and Oy, (u; z') de-
notes the Fourier transform of the model object ogy (z;2") =
ox (T} + t(x — x') obtained after iteration step k + 1. P(u) is
the Fourier transform of the aberrated psf. P(u) is derived from
measurenmtents of an unresolved star.

3.8. Application to tomography

The building block method can be applied to tomographic im-
age reconstruction techniques as used, for example, in medical
imaging and in some astronomical technigues. In this case the
projections of the object recorded under many different orienta-
tion angles are compared with the same projections of the model
object ox (). A first application of this method to speckle mask-
ing was described by Hofmann & Weigelt (1990a, 1990b).

4. Modifications of the building block method

In this section we discuss various modifications of the basic
method described in Sect. 2.

4.1. Two or more building blocks simulianeously

In this technique a new model object 0y is produced by si-
mulianeously adding two or more building blocks to the im-
age of the previous iteration step, i.e. o (r; ), 25,...) =
op(x) + 1z — x)) + t(x — z5) + ... The distance is here a func-
tion of two or more variables 1, 24, ...., which are the position
vectors of the new building blocks (Le. di. (!, 2,...)).

4.2. Building blocks with varying intensities

In this case the position z" and the intensity « of the new build-
ing block has to be determined simultaneously. The new model
object 18 oy {2 77, @) = op(x) + at{x — x'). The distance is
here a function of both, the position &’ and the intensity o of
the new building hlock (i.e. dy.1(z', a)).

4.3. Testing all possible images

The most attractive image reconstruction procedure would be to
test all possible images. However testing of all possible images
is not feasible for most objects because of too long computing
times (with the exception of very compact objects). If the object
consisis, for example, of 6 pixels and if we work with 10 dif-
ferent intensity quantisation levels, then there exist already 10°
different images. If testing of one image requires {).1 sec com-
puting time, testing of 10¢ images require ~ 28 hours computing
time. In the case of 8 pixels the computing time is already 116
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days. Testing of one image means to compare the bispectrum of
the model object with the measured bispectrum (by calculating
the least-squares difference). On the other hand testing all pos-
sible intensity correction functions is feasible. As an example,
consider a star cluster of 20 stars (or another image consisting of
20 pixels). Small intensity corrections, for example, mean: the
intensites of all stars can be changed simultaneously by adding
or subtracting one small intensity building block to each star.
In this case 2%° ~ 10° possible correction functions have to be
tested. Repeating this procedure (1 cycle) several times with
smaller and smaller building blocks is useful. The whole pro-
cess can be done by fast computers {(~ 3 days for 3 cycles and
~{.1 sec per correction function).

4.4. Using a robust estimator instead of a least-squares esti-
mator

Many methods proposed for reconstructing high-resolution im-
ages of the object are based on the least-squares technique. A
reconstruction procedure based on robust regression techniques
was proposed by Freeman et al. (1992). Robust regression was
applied to the estimation of binary star parameters from the
Fourier spectrum measured by the Knox-Thompson method.
The results suggest that the robust regression solution is supe-
rior to the least-squares solution. We propose the application
of a robust regression algorithm to the determination of ob-
ject parameters or to the calculation of the object directly from
the bispectrum measured. If the observed object is, for exam-
ple, a binary star, the object parameters (i.e. the intensities and
positions of the two stars; see also Glindemann et al. 1992)
can be derived from the bispectrum measured and the binary
star model bispectrum by a robust regression algorithm similar
to that used by Freeman et al. (1992). Robust regression may
also be implemented to the building block method. To this end
the least-squares estimator of the building block method (see
Eq. (4)) has to be replaced by a robust estimator, for example, the
median. The discrete description of the distance function with
the conventional least-squares estimator in the building block
method is given by

di3 i@y =3 100 (i) = O, v, (12)

where 1 and v denote discrete Fourier space coordinates describ-
ing the set of all measured bispectrum elements. The distance
function described with the median, one robust cstimator, has
the form
: (3 3

dF (') = med., o, {100 (u, v32") — OP(u, 0|}, (13)
where med,, ,,{|...|} denotes the median over all square root dif-
ferences |0 (u,v: ') — OP(u,v)|. This estimator is robust
since it does not take into account outliers of the noisy bispec-

trurn difference. The least-squares estimator does not reject such
outliers.
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Fig. 1. Object of the computer experiment

Fig. 2. One of the 30 000 object speckle interferograms without photon
noise

4.5. Using other elementary functions instead of psfs

In the basic building block method the image is built up by
many identical psfs. In the case of extended objects other sets
of elementary functions, as for example spherical harmonics or
cosine functions (Fourier synthesis), may be more appropriate.

5. Experimental results

Figures 1 to 11 illustrate the feasibility of the building block
method. We have performed three different image reconstruc-
tion experiments. The first experiment was performed with com-
puter generated speckle interferograms (Sect. 5.1), the second
one with speckle interferograms of the double star w Leonis
(Sect. 5.2), and the third one with speckle interferograms of

Fig. 3. Long-exposure image reconstructed from 10000 simulated ob-
Jectspeckle interferograms with photon noise corresponding to 50 pho-
toevents/frame

n Carinae (Sect. 5.3). The speckle data for the last two exper-
iments were taken with the 2.2-m ESO/MPG telescope at La
Silla, Chile.

3.1. Experiments with computer-generated speckle interfero-
grams

30000 point source speckie interferograms were generated as
follows. First a random wavefront was produced to simulate
the atmosphere of the earth. Random gaussian distributed num-
bers were calculated and the convolution with the covariance
function of the optical path fluctuations as described by Rod-
dier (1981) was applied 1o obtain a random wavefront. Then
the random wavefront was multiplied with the simulated tele-
scope pupil function. After a subsequent Fourier transform and
modulus square operation the intensity distribution of the point
source speckle interferogram was obtained. A 2.2-m telescope
at A=500nm (diffraction-limited resolution of ~ (#05) and a
seeing of ~ 0.5”was simulated. Speckle interferograms of an
object were produced by convolving the point source speckle
interferograms with the computer object, a cluster of five un-
resolved stars. Finally, the object speckle interferograms were
degraded by photon noise (25, 50 and 100 photoevents per ob-
Ject speckle interferogram). For each photon noise ievel three
independent data sets of 10000 object speckle interferograms
were produced. The generated speckle data sets were processed
as follows.

Each data set was processed to obtain the average hispec-
trum and the average power spectrum. The photon bias terms
in the average bispectrum and power spectrum were removed.
After compensation of the speckle interferometry transfer func-
tion the object power spectrum was obtained. The compensa-
tion was performed with the average power spectrum of sin-
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Fig. 4. a and b. Two typical images reconstructed from the average
bispectrum obtained from 10000 speckle interferograms with photon
noise corresponding to ~ 100 photoevents/frame. a (top) is the ditfrac-
tion-limited image reconstructed by the iterative building block method
and 400 iteration steps (mean photometric error (average over all 5
stars): 4.0%}). b (bottom) is the image obtained from the same bis-
pectrum, but using the conventional recursive reconstruction method
(imean photometric error: 6.8%)

log[distance]
l¢

1 T T T T T

0.1

L aaanl

0.01

0‘001 1 1 | 1 1 ]

20 40 60 80 100 120
iteration steps

Fig. 5. Convergence curve of the building block reconstruction shown
in Fig. 4a. The distance between the measured bispectrum and the bis-
pectrum of the iterated image during the reconstruction process de-
creases with the number of iteration steps. The measured distance is
displayed with a logarithmic scale (arbitrary scaling factor) as a func-
tion of the iteration steps

gle star speckle interferograms recorded under the same seeing
conditions. From the object power spectrum |(O(u)|* and the
photon bias-compensated average bispectrum < I®(u,v) >,
the object bispectrum O%(u, v) was obtained in the following
way: (1) from the object power spectrum |Q(u)|* the modulus
O (u, v)| = |OW)] |OW)| |O(—u — v)| of the object bispec-
trum was derived; (2) the object bispectrum O™ (u, vy was ob-
tained by combining |O®(u, v)| from step (1} with the phase
of the average bispectrum < I(u,v) >. Object bispectrum
and average bispectrum have the same phase since the average
speckle masking transfer function does not affect the bispec-
trum phase (Lohmann et al. 1983). From the object bispectrum
a diffraction-limited image of the object was reconstructed with
the iterative image reconstruction algorithm presented in Sect.
2. The noise in the distance function dg,(z’) of the building
block method was suppressed by the Wiener filtering procedure
described in Sect. 2.

From the same object bispectrum a second diffraction-
limited image was derived with the recursive method (Lohmann
etal. 1983). For the recursive reconstruction of the object Fourier
phase the bispectrum phases were weighted according to their
quality (the signal-to-noise ratio of the phase of the average
bispectrum was used as the weight function).

Figures 1 to 7 show the results of the computer experiment.
Figure 1 is the computer object. Figure 2 shows one of the
30000 generated speckle interferograms (three sets of 10000
interferograms) of the object (without photon noise). Figure 3
is the long-exposure image derived from 10000 simulated ob-
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Fig. 6. a and b. Two typical images reconstructed from the average
bispectrum obtained from 10000 speckle interferograms with photon
noise corresponding to ~30 photoevents/frame. a (top) is the diffrac-
tion-limited imagc reconstructed by the iterative building block method
and 400 iteration steps {mean photometric error: 6.1%). b (bottom)
is the image obtained from the same bispectrum, but using the con-
ventional tecurstve recanstruction method {mean photometric error:
12.168)

K.-H. Hofmann & G. Weigelt: Tterative image reconstruction from the bispectrum

Fig. 7. a and h. Two typical images reconstructed from the average
bispectrum obtained from 10000 speckle interferograms with photon
noise corresponding to ~25 photocvents/frame. a (top) is the diffrac-
tion-limited image reconstructed by the iterative building block method
and 400 iteration steps (mean photometric error: 13.3%}. b {bottom) is
the image obtained from the same bispectrum, bul using the conven-
tional recursive reconstruction method (because of too high noise level
the mean photometric error could not be measured)
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ject speckle interferograms with photon noise corresponding to
50 photoevents per interferogram. Figure 4 shows typical im-
ages reconstructed from the average bispectrum obtained from
10 000 speckle interferograms with photon noise corresponding
to ~ 100 photoevents/frame. Figure 4a is the diffraction-limited
reconstruction obtained with the iterative building block method
and 400 iteration steps. Figure 4b shows the image reconstructed
from the same average bispectrum by using the recursive recon-
struction method. The plotin Fig. 5 illustrates the decreasing dis-
tance between the measured hispectrum and the bispectrum of
the iterated image during the reconstruction of the image shown
in Fig. 4a. The distance is displayed with a logarithmic scale
as a function of the number of iteration steps. Figure 6 shows
typical reconstructions obtained from 10 000 speckle interfero-
grams with photon noise of ~50 photoevents/frame. Figure 6a
is the diffraction-limited building block reconstruction with 400
iteration steps and Fig. 6b is the reconstruction obtained from
the same average bispectrum by using the recursive method.
Figures 7a and 7b show the building block reconstruction and
the recursive reconstruction, respectively, obtained for 10000
interferograms and 25 photocvents per frame. In this case the
recursive reconstruction failed. Because the computer object 1s
known (Fig. 1) the photometric accuracy of the reconstructed
images can be determined. We have measured the relative pho-
tometric error of each of the five stars. The relative photometric
error is the intensity error of each star divided by its true inten-
sity. Averaging over all five stars yields the mean photometric
error of the reconstructed image. Table 1 lists the mean photo-
metric ervors of the reconstructions. For each photon noise level
{100, 50 and 25 photoevents/interferogramy) three independent
data sets (10 000 speckle interferograms per set) were produced.
From each of the 9 data sets one image was reconstructed with
the building block method and one with the recursive method.
In Table 1 the mean photometric errors of all 18 reconstructions
obtained at the photon noise levels 100, 50 and 25 photoevents
per frame are lisied. From all 3 data sets with photon noise cor-
responding to ~25 photoevents per {rame the reconstruction of
diffraction-limited images by the recursive method failed, but
the building block method still worked. The mean photomet-
ric error of the building block reconstructions shown in Fig. 4a
(100 photoevents/frame), Fig. 6a (50 photoevents/frame), and
Fig. 7a (25 photoevents/frame) are 4.0%, 6.1% and 13.3%, re-
spectively. The mean photometric error of the recursive recon-
structions shown in Fig. 4b (100 photoevents/frame), and Fig. 6b
(50 photoevents/frame) are 6.8% and 12.1%, respectively. The
mean photometric error of Fig. 7b (25 photoevents/frame) could
not be determined.

5.2. Experiment with speckle data of w Leonis

Figures 8 to 10 show an application of the building block method
to 100 speckle interferograms of the double star w Leonis taken
with the 2.2-m ESO/MPG telescope at A ~ 630nm (bandwidth
~ 20nm). The data were recorded with the speckle camera de-
scribed by Baier & Weigelt (1983). From the average bispec-
trum of 100 speckle interferograms the ohject bispectrum was
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Fig. 8. One of the 100 evaluated speckle interferograms of w Leonis

Table 1. Mean photometric errors of images reconstructed from com-
puter generated speckle interferograms (n.a. means not available)

data set recursive iterative
100 photoevents/frame

1 49%(£0.8) 43%(£1.9)

2 53%(£1.3) 1.8% (+0.5}

3 6.8%(+£1.0)  4.0%(L1.6)
50 photoevents/frame

1 na.  10.8%(X£2.1)

2 121%(£33) 6.1%(£14)

3 7.8%(£2.4)  42%(£1T)
25 photoevents/frame

1 na  11.9%(£3.8)

2 na  13.3%(£3.3)

3 na.  144%(+5.8)

derived as described in Sect. 5.1. Diffraction-limited images of
w Leonis were reconstructed from the object bispectrum by (a)
the building block method and (b) the recursive method.
Figure 8 is one of the 100 evaluated speckle interferograms
of w Leonis. Figure 9 shows two diffraction-limited recon-
structions. Figure 9a is the image reconstructed with the build-
ing block method and 400 iteration steps, and Fig.9b is the
image obtained from the same object bispectrum by the recuor-
sive phase reconstruction method, Fig, 10 shows the decreas-
ing distance function between the measured object bispectrum
O™ (u,v) and the bispectrum O} (u, v) of the iterated image of
step k during the reconstruction of the image shown in Fig. 9a.

3.3. Building block reconstruction of n Carinae

Figure 11 shows a diffraction-limited image of v Carinae re-
constructed by speckle masking and the building block method.
This image was reconstructed from the same 300 speckle inter-
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Fig. 9. a and b. Two diffraction-limited images reconstructed from the
average bispectrum of 100 speckle interferograms of w Leonis (see
Fig. 8). & (top) is the reconstruction obtained with the building block
method and 400 iterations. b (bottom) shows the image reconstructed
from the same bispectrum with the conventional recursive method. The
separation of the two stars is 0746
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log[distance]
1

0.01 1 [l 1 1 ] 1

20 40 60 80 100 120
iteration steps

Fig, 10. Convergence curve of the building block reconstruction of
w Leonis shown in Fig. 9a. The measured distance is displayed with a
logarithraic scale (arbitrary scaling factor) as a function of the iteration
steps

Fig. 11. Diffraction-limited image reconstructed from the average bi-
spectrum of 300 speckle interferograms of eta Carinae by the building
block method and 2000 iteration steps. The image of  Carinae consists
of one dominant star and three objects at scparations of 0'21, ¢/ 18, and
011; the three faint objects arc ~12-times fainter than the dominant
star (north is at the top and east to the left)
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ferograms as used for the first speckle masking observation of
1 Carinae (Hofmann & Weigelt 1988). The diffraction-limited
images of 1 Carinae reconstructed from the average bispectrum
by (a) the recursive method (Hofmann & Weigelt 1988) and by
(b) the building block method (Fig. 11) show one dominant star
and three fainter objects at separations (//21, 0/’18, and 0’11,
The three faint objects are ~-12-times fainter than the dominant
star.

The SNR of the bispectrum of n Carinae and « Leonis is approx-
imately equal to the SNR of the bispectrum in the computer ex-
periment with photon noise corresponding to ~100 photoevents
per frame (Sect. 5.1). In this computer simulation the mean pho-
tometric error in the reconstruction was about 4%. Thercfore,
the SNR in the 5 Carinae and w Leonis reconstructions is simi-
lar, but not identical because of differences in seeing and other
differences.

6. Summary

We have investigated an iterative least-squares method for re-
constructing diffraction-limited images from the object bispec-
trum. We have shown theoretically and by image reconstruc-
tton experiments that the iteration process converges to the
correct image of the object, Furthermore, the experiments per-
formed with computer-generated speckle-interferograms sug-
gest that the presented iterative method vields reconstructions
with higher photemetric quality than the recursive method
{at least in computer simulations). Finally, we have discussed
the application of modified methods to speckle interferome-
try, the Knox-Thompson method, imaging shearing interfero-
metry, deconvolution of aberrated images, the nonredundant
mask method, tomography, radio interferometry and optical
long-baseline interferometry.
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experiments, and B. Sherwood, R, Porcas and T. Pauliny-Toth for care-
fully reading the manuscript.

Appendix A

In this appendix we derive the approximated expression of the
distance function dg, (x’) given in Eq.(7). We consider only
terms linear in 1/k, e, the approximation of dy, (') is based
on the fact that the iterated image already consists of a large
number k of building blocks. The Fourier transform of the image
after iteration step &k + | can be described by

Oy (0) = O (1) + exp{ —2miua'}, {A])

where x' is the position of the (k + 1)th building block

tx — z'y = 8(x — x") (for the sake of simplicity and without
sacrifying generality t(x) is replaced by a Dirac Delta function)
and where (;, (0} = k+1 and O (0) = k is valid. The normal-
ized version of O}, (w) is called O (u) (with O (0) = 1)
and is given by

1
Orn(u) = 1 [O() + exp{-2minz'}]

337
= 0uw +  expl—2riua’} ] (A2)
= 257! Osw) + Cexpy—2mivz’}],

with O,(®) = 1. For £ 31, we can use the approximation
1
Opar(1) = Oplu) + Eexp{*—Qﬂ'iu x'}. {A3)

3)

Using this equation the bispectrum O‘(,C .1 (14, v) can be written as

O (u,v) = [Olu) + %exp{—%ﬂlu 7'}
x [Oplv) + %exp{f%m’v '}
X | Op(—u— v} + ;{; exp{2mi{u +v) z'} ].(A4)

Since for k£ 1 only the terms linear in 1/k are relevant,
Eq. (A4) can be rewritten by
O (u,v) = 0P (u,v)
1
e Ow(w) Ok(v) exp{+2ri{u +v)z'}
1
+ Or(u) Ox(—u — v) exp{—2mivx'}

+% O(v) Op(—u — ) exp{ —27iuz'},

and
1
Og](u,q;) ~ Og)(u«?}) + ET(u.w;a:')

1 1
L T, —u—v;2) + v T, —u— v,2),
(A5)
where we have used the substitution

T(u, vy 2"y i= Op(u) Oy (v) exp{+27i(u + v) 2’ }. The distance
function dy,(x') is defined by

drn(@) = /|O{3)(u,?}) - Ofﬁl(u, v)|* dudv
= f|0<3)(u,v)|2dudv + /|0§jj](u,v)\2dudu
— j0(3)(—u,—v)ij](u,w)dudv — a.c.,(AB)

where c.c. denotes the conjugate complex of the expression
before. For k£ >»1 the term IOfll(u, v)|? can be approximated
(using Eq. (A3)) by
|()§3:l(u,v)|2 Rz |O§c3)(u,v)|2
+ 0P (—u, —v)
1
Xz [ T(u, v;2y+ Tu, —u — v )
+T(w, —u — ;2] + ce. . (A7)

The approximated expression of O (—u, —v) ()fﬁl(u, v) for
k =1 has the form

O (—u, —v) Ogl(u, v) 2= O (—u, —v) O‘(,f)(u, )]
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(3) 1 . -
+ O (—u, —v) X Z [T(u,vs2)+ T(u, —u— w3 x")

+T (0, — — vy 2’) .

(A8)

Using Eqgs. (A6), (A7) and (A8), i, (z') can be expressed by

A () ~2 dp+ % ][ Og)(—u, —1) — O (—u, —1) ]

x[T{u,v;2)+ ... ]dudy + c.c., (A9)

where dj, is the distance between the measured bispectrum
O¥(u, v) and the bispectrum Of](u, v) of the iterated image
ox(x). The integrand of the integral in Eq. (A9) is a hermitian
function. Since the integration is performed within the whole
uv-plane the integral has a real value and Eq. (A9} is rewritten
by

de1(z) 7 dy + % f [0 (—u, —v) — O —u, —v)]

[ Tlw, v’y + ... 1dudv. (A10)

The bispectrum has the following symmetry relations:

ON—u, —v) = O(—w) O(—1) Ou +v)
O —u,u+v) = O(—w) Ou + v) O(—v) = OP(—u, —v)
O —v,u+v) = (=) Ou +v) Ol—=u) = O (—u, —v)
(A1l)

Using the above symmietry relations, Eq. (A10) can be expressed
by

dpa(2') = di

+ %/[Oﬁf’(fu, ) — 0P, )]
v,z ) dudv

+ %/[O?(—u,u+v)—0(3)(—“,u+«”)]

xT(u,

v, ) dudy
2
+ E/[()53)(—v,v,u+v)—()(-*>(~u,u+v)]

xT(v, —u — v, 2" dudv.

xTu, —u —

(A12)

The integrands of the three above integrals are identical, only
the integration variables are different. Since the integration is
performed within the whole uv-plane the three integrals yield
the same result and Eq. (A12) can be replaced by

deale) = d + 2 f [OP( <, =) — 0P, )]

x Oplu) Or(v) exp{+2mi(u + v) 2’} dudo,
(A13)

where we have used the identity
T(u,via’) 1= Oglu) Ok(w) exp{+2mi(u +v) 2’}
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Appendix B

In this appendix we discuss the convergence of the proposed
iterative image reconstruction algorithm. For the following cal-
culations we assunie a noise-free object bispectrum O%(u, v).
We also assume that the iterated image of step & already consists
of a large number % of building blocks (& >>1) which allows
us (o use the approximated expression of the distance function
diy1(x") givenin Eqs. (7) and (A13). The algorithm converges to
the correct image of the object if the distance dy.,(z") between
the measured bispectrum and the bispectrum of the iterated im-
age decreases with the number of iteration steps. A sufficient
convergence criterion is

kN

Qe (2R Ny < di(ali), (B1)

where dk+N(SL§1;fV) and dk(rgm) are the distance after itera-
tion step k + N (for N >»1, not for all N') and k, and where
2N and 7% denote the positions of the minima in the cor-
responding distance functions. The convergence criterion given
in Eq. (B1) means: the building block method converges if the
distance dh(fﬁmm) decreases only after each Nth (for N >1)
iteration step, and it is not necessary that the distance decreases
from iteration step to iteration step. Because of £ >»1 we can
use the approximated expression of dy, (x") given in Eq. (A13)
which can be rewritten as
dpn(a’) ~ dilah,) + a’, 2'). (B2)
From Eq. (A 13) we see that the above function a;(x, y) has the
form

ar(x, y) % / [0 (~u, —v) — OF(—u, —v)]
x Op{) Og(v) exp{2miluz +vy)} dudy

oDz, —y) — dP(x, )] ® [on(x) oy,

where © denotes the convolution operator. o}’ (, v}, 0z, y)
and oz(x) are the Fourier transforms of Og)(u, v), O (u, v)
and O (u), respectively. o™ (i, y) denotes the measured object
triple correlation and of)(;v, 1) the triple correlation of the iter-
ated image o (x). The functions mentioned are normalized with
[ 62z, yydzdy = [ oz, yydady = [ op(z)dz = 1. Using
Eq. (B2) the distance dy. N(mfm\r )atiteration step k+ N can be
expressed by

RNy k
e (T ) 7 5,

mm

N
k k
di(@fin) + ) G (xhid

i=1

(B3)

where a:k“ denotes the minimum positions of the functions

a;m,l(J, ') for + = 1..N. Using Eq. (B3) the convergence
criterion given in Eq. (B l) can also be described by

Zakﬂ ol ki < 0. (B4)
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In other words, the building block method converges, if the sum
over the minima of the functions a;;_(z’,z") fori=1..N is
negative for all iteration steps k.

ax(x,y) is the convolution of the triple correlation difference
b, y) = ()ES)(-—.’IJ, —) — o"¥(—x, —y) with the positive func-
tion fr(z,y) := 0r(2) 0k (). The non-zero values of fi.(x, i) are
distributed within a square of size D (D=extension of op(zx)).
Ju(z, 1) is centered at (x = xg,y = xp), where zy denotes
the centre of og(x). If, for example, or{x) = é(x — x;) then
felz, 1) = &(z — x0) 8(y — z¢). Because of the convolution
with fi.(x, 1), ar{z, y) is a smoothed version of bi(z, ). Since
fr(x, ) is a spatially restricted (extension<D) positive func-
tion centered on the diagonal line y = = at {(z = zo, ¥y = Zo),
a{x, x) mainly consists of the diagonal elements of by (x, y), 1.e.
b(x, x). Using the definition of the triple correlation (Lohmann
et al. 1983), bi.(x, x) reads as

b(x, x)

f [ox(x Yor(z’ + 2)og(z’ + x)

—o(z"olz" + Dyo(z’ + 2)] da’

or(2) * |o()|* — ofx) * |o(x)]?, (B5)
where the asterix * denotes the cross correlation operator. Since
in nearly all cases ox{(x) # o(z), with [ ox(2)dz = [ o(x}dz,is
valid, it is evident that the difference function by (z, ) (Eq. (B5))
very often consists of negative values. The same is also true for
ag(x,x) since it is a smoothed version of bi(z, ) (smoothed
by the spatially restricted positive function fi(z,y)). There-
fore, it is evident that the sum over the minima of the functions
arsir (@', ") for i = 1...N is negative for iteration step k and
a large enough N. This means that the convergence criterion
given in Eq. (B4) is {fullfilled and it is shown that the building
block method converges to the correct image of the object.
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